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e (M, g) compact Riemannian manifold
o A = A, the Laplace-Beltrami operator
e Eigenvalue problem
(A—i—)\k)gok:O, O< << -1
@ Delocalization/diffuseness of eigenfunctions in phase space
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Quantum ergodicity

o A€ WO(M) a zeroth order pseudo-differential operator
@ ga(x,&) is the principal symbol of A

@ duy; normalized Liouville measure on S*M

DEFINITION

The Laplacian eigenfunctions y are quantum ergodic if

2
=0

(Apk, i) / oa(x, &) dur

/\—>oo #{)\k <A} Z

A<

for every A € WO(M). For a density one subsequence we have

(Apik;, Pi;) —>/ (x,€) dpL
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Spherical harmonics

e Specialize to (M, g) = (52, round metric)
o Let % generate z-axis rotation

@ The standard spherical harmonics (YLMs) are joint
eigenfunctions of the Laplacian A = Ag2 and the
z-component of the angular momentum operator:

AYS = —N(N+1)Yf,
10
i 06
@ The standard spherical harmonics are not QE

YE = kYS, ~N< k<N

@ But random spherical harmonics are QE almost surely
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Random spherical harmonics

o Eigenspaces Hy = span{Y,C: —N<k<N}
o dimHy =2N+1=:dy

@ A random change-of-basis matrix

(“N,k(a))_,\,gk,ag,\, € (U(dn), Haary)

defines a random basis for H y:

YNk = Z un k(@) Yy, —“N< k<N

—N<a<N

o A random basis for [?(5%) = @y Hn is thus an element of
the product probability space

1 (U(dn), Haarp)

N>0
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QE of random bases

THEOREM (Zelditch '92)

A random orthonormal basis of spherical harmonics (as described
in the previously slide) for L?(S?) is almost surely QE.

@ VanderKam '97: QUE of random bases for S2
@ General M with additional hypotheses on the subspaces H y:
o Zelditch '12: QE of random bases for sequences of eigenspaces
with dimensions dy — oo
e Maples '13: QUE of random bases for sequences of
eigenspaces with dimensions dy > CN°¢ for e > 0
o Chatterjee and Galkowski '16: QE for random small
perturbations of the Laplacian

Goal of talk: QE of a more general class of “random” bases
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Generalized Wigner matrices

DEFINITION

Generalized Wigner H = (hj)-n<jk<n € Herm(dpy) satisfies
@ hjx independent for j < k.

o Normalization: Mean zero, variances satisfy Zszf N Uj2k =1

@ Non-degeneracy: dci, c; > 0 independent of N such that
o' <dvoy <a and E(hjhi) > cdy’t

in the sense of inequality between 2 X 2 positive matrices.
Here hji = (Re hji, Im hji).
@ Bounded moments: Vp € N 3C, > 0 such that

E ‘\/d,\,hjk’p < C, forallj kN.
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Induced measure

o Let H € Herm(dy) be a GUE matrix, i.e., upper triangular
entries are iid N(0,1)c, and diagonal entries are iid N(0,1)r

o Consider the decomposition H = UAU*, where U € U(dy)
and A = diag(A1,. .., Aqgy)

@ Decomposition is unique up to ordering of the A;'s and a
diagonal unitary matrix

@ The distribution

i< i

of the GUE matrix H defines a continuous probability measure
on Herm(dy) (here dH = Lebesgue measure).
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Induced measure

@ Can rewrite the distribution function as
- .
vy = CNe_tr(H )/2 dH

@ From the unitary invariance of the above line, see that vy
induces the invariant Haar measure on U(dpy) under the
decomposition H = UAU*

e Now let H € Herm(dy) be a generalized Wigner matrix, vy
its distribution

@ Denote by py the induced measure on U(dy), that is, if
m: Hw— U, then

LN = TsVH.
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Asymptotic normality of Wigner eigenvectors

o Let (quk(a))ngagN be eigenvectors of {Hy}

@ Then up «(cr) are asymptotically Gaussian random variables:

\/ dNUNJ((Oé) — N(l) + iN(z)

THEOREM (Bourgade-Yau '13)

Given any polynomial Q in 2m variables, there exists ¢ = ¢(Q)
such that for all N sufficiently large

sup ‘EQ(\/TN(einN,k(a)aeiinN,k(a))aeJ)
JC[=N,....N]

[J|=m

KE[—N,N]

(1) i Ar@ Ar@) A (2ym —
—EQ(NY + NP NP — NPy < e

Here w is independent of Hy and uniform on (0, 27).

Robert Chang Quantum ergodicity of Wigner induced spherical harmonics



Probabilistic local QUE

o Let ay: {—N,...,N} — [-1,1] be functions
@ Assume ZQI:—N an(a) =0

o Let |ay| := #{a: an(a) # 0} denote the size of the support

THEOREM (Bourgade-Yau '13)

Let {Hyn} be a sequence of generalized Wigner matrices. Then
there exists € > 0 such that for any 6 > 0, there exists C > 0 so

'

for all sequences of functions ay as above.

,jx, S an(@)|un (@)

> 5) < C(dy® + lan|™)
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QE of Wigner induced random bases

o Define a (Wigner induced) random basis for Hy by

Une= > unk(@YF, —N<k<N
—N<a<N
@ Here, (UN,k(a))QI:,N are eigenvectors of some Wigner matrix;

e Or equivalently, the unitary matrix (up x(c))
random element of (U(dyn), un)

—N<k,a<n 'S 2

THEOREM (C '16)

A Wigner induced random orthonormal basis of spherical
harmonics is almost surely QE.
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QE of Wigner induced random bases

@ Define random variables

N

1
XN = deZ

=N

2

(AN, YN k) —/ oaduy
S M

@ The following implies QE:

!

EXy = O(dy®) and EXZ = O(dy® ).

e Kolmogorov's convergence criterion allows us to apply SLLN
to the Xp's

@ SLLN implies ﬁ ZM:O Xy — 0 ass.
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Weingarten formula

THEOREM (Weingarten '78)

o Let (UN,k(Oé))ka € U(dy) be a unitary matrix;

o Let kj, kj,aj,ozj- € [-N, N] be indices for 1 < j < m;
Then the integral

In(m) = /U(d )UN,kl(Oél)"'UN,km(Oém)
N

X UN,k{(O/l) oo UN,k,’n(O/) dHaarN
is asymptotically
= —m—1
AN D Bk sl Okt Oamar, + O(dy™ ),

where the sum is over all choices ji,- -+ , jm as a permutation of
1,...,m.
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Weingarten formula for Wigner eigenvectors

PROPOSITION

o Let (unk(a)), , € U(dn) be a unitary matrix;
o Let kj, kj,aj,ozj- € [=N, N] be indices for 1 < j < m;

Then the integral

E |:uN,k1(a1) coo UN7km(Oém)UN7k{ (aﬁ) v uN,k,/n(Oé/m)]
is asymptotically
7 o B + O,

where the sum is over all choices ji,--- ,jm as a permutation of
1,....m.
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Rotationally invariant case

@ Assume fs*MoAd,uL =0 and assume A € W°(5?) is invariant
with respect to z-axis rotation, then

(AYN, YY) ifa=p

a B\ _
<AY"”Y’V>_{0 if a £ 8.

@ Using the definition of random bases 1y x = >, un k() Yy,

N
1
Xy =— 2
N= g > AN o )]
k=N
N N 2

:le Z Z <AYﬁ,Yﬁ>UN,k(a)UN,k(I3)
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Rotationally invariant case

@ Using rotational invariance and expanding the square gives

1
XN - a ZZ<AYI€;7 YI?IC><AY[€, YI€>‘UN,k(a)|2|UN,k(/B)|2
k a8

@ Compute the expected value using Weingarten:

E(lunk(@)Plunk(8)[%) = dy?(1 + 8ag) + O(dy>~)

@ Hence

1 (63 (63 2 1 (0% (0% -
EXN = (dNZ<AYN, YN>> +d72 Z(AYN7 YN>2+O(CINE)
(0% N «

=0(dy") =0(dy")
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General case

PROPOSITION

Fix A € W9(S2). Then for n € 7 there exist A(n) € WO(52) with

e HA o Z|n\§K AA(”)H[_ZﬁLz —0
o Forn#0, have ||A(n)|| 2,2 = O(n™!) for every £ > 1

/ oadpg ifn=20
° / T A(n) dup = S*M

Sh 0 ifn#0
o The matrix elements of A and A(n) are related by

(AYZ, Y2~ ifa=B+n

(A(n)Yﬁ,‘,Yﬁ): {O ifa£ B+ n

simultaneously for all N > 0

Robert Chang Quantum ergodicity of Wigner induced spherical harmonics



General case

@ Approximate operator A by a finite sum of A(n)

e Equivalently, approximate

N N

Xu= 2o 30 | Y AV i uwae)ana()

k=—N |a,f=—N

by a finite sum of

N
1 B -
Yn,m,N = d7N § E <AYI(\)Iév Y/\0; n>UN7k(a)uN,k(a - n)
k=—N o,

< (AYy, Yo~ ™) unk(B) un k(B — m)

e Compute (as before) expectation/variance for each of Y, m n
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