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My area of research is analytic number theory focusing on the study of L-functions and their behaviour in
a certain region of the complex plane, namely the so called critical strip 1

2
≤ <(s) ≤ 1. The proof of the

Prime Number Theorem used the most well-known L-function, the Riemann zeta function ζ(s), which is
an analytic extension of the series

∑
n≥1 1/ns to C \ {1}. The result was achieved by showing ζ(s) 6= 0

when s = 1 + it, t 6= 0, which demonstrates the importance of the distribution of values of ζ(1 + it).
Other examples include Dirichlet L-functions L(s, χ) which analytically extend the series

∑
n≥1

χ(n)
ns

to
C. Here χ is a nontrivial character associated to (Z/qZ)× extended to Z using χ(n + q) = χ(n) if
gcd(n, q) = 1 and χ(n) = 0 otherwise. The non-vanishing of L(1, χ) played a key role in proving the
infinitude of primes in arithmetic progressions.

Dirichlet L-functions also appear in the study of class numbers associated to Q(
√
d), denoted hd,

where d is a fundamental discriminant. In Disquisitiones Arithmeticae, Gauß conjectured

1

N

∑
k≤N

h−4k ∼
4π

21ζ(3)

√
N. (1)

Siegel [18] proved this conjecture by using Dirichlet’s class number formula which connects hd to
L(1, χd), where χd is the quadratic character associated to d.

Although these particular examples focus on the behaviour of L-functions at the edge of the strip, a
significant amount of research has been devoted to the values of L-functions for complex numbers with
1
2
< <(s) < 1 and on the critical line<(s) = 1

2
. For example, the Riemann Hypothesis (RH) is concerned

with location of the zeros of ζ within 1
2
≤ <(s) < 1. Perhaps the most influential unconditional result

in this area is Selberg’s Central Limit Theorem [16, 17], which asserts that the values of log |ζ(1
2

+ it)|
are approximately normally distributed with mean 0 and variance 1

2
log log t for t ∈ [T, 2T ] and T large.

Since then a great deal of effort has been spent generalizing this result to other L-functions.

1. CLASSICAL PROBLEMS OVER FUNCTION FIELDS:
DISTRIBUTION OF VALUES OF L(1, χD)

Part of my research program considers these classical questions in a different setting. Instead of fo-
cusing on questions over Z, we study L-functions over A = Fq[T ], where Fq is a finite field. Since RH is
true over A, we can obtain deeper unconditional results than those currently available over Z. Previous
work has found striking similarities between these two rings. One example of this phenomena is the
distribution of primes over each ring has a similar shape.

For another such example, consider the following deeper result which is about class numbers. In the
context of A, fix the following notation. Let q be fixed and D ∈ H2g+1, where

H2g+1 = {F ∈ A : F monic, deg(F ) = 2g + 1, F square-free}.

Then we study the class number associated to Fq(T )(
√
D), denoted hD. Andrade [1] proved that hD taken

over H2g+1 with g → ∞, is asymptotic to Cq
√
|D| for Cq a constant depending on q and |D| = qdeg(D).
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Compare this result with (1). As before the proof relies on connecting hD to L(1, χD), where χD is the
quadratic character associated to D, via the analogue of Dirichlet’s class number formula.

On the other hand, there are surprising differences between the two cases which makes A interesting
on its own. Recently I have unconditionally proven in [12]

ζA(2)

2eγ
(log log |D|+O(1))−1 ≤ |L(1, χD)| ≤ 2eγ log log |D|+O(1),

which is a direct analogue to Littlewood [11] result assuming generalized Riemann hypothesis (GRH)
for L(1, χd). However, Littlewood conjectured that the true size L(1, χd) resembles the omega results
obtained by Littlewood and later Chowla. I conjecture that this is also the case over function fields, based
on results describing the extreme values of L(1, χD). More precisely, I conjecture that this is also the
case over function fields, based on results describing the extreme values of L(1, χD).

Conjecture 1. Let n be large.

max
D∈Hn

L(1, χD) = eγ(log n+ log2 n) +O(1),

and
min
D∈Hn

L(1, χD) = ζA(2)e−γ(log n+ log2 n+O(1))−1.

We note that the discrepancy in size here is a factor of 2 on both the upper and lower bounds for
L(1, χD).

In pursuit of this let Hn = {F ∈ A : F monic, deg(F ) = n, F square-free}. Then, we prove the
following formula for large complex moments of L(1, χD) with D ∈ Hn: Let z ∈ C be such that
|z| � n

logn log logn
. Then

1

|Hn|
∑
D∈Hn

L(1, χD)z =
∑
f monic

dz(f
2)

|f |2
∏
P |f

(
1 +

1

|P |

)−1(
1 +O

(
1

n11

))
,

where dz(f) is the generalized divisor function. I then used this formula to prove the tail of the distri-
bution of values of L(1, χD) over D ∈ Hn decays doubly exponentially. More precisely, I prove that
uniformly for 1 ≤ τ ≤ log n− 2 log log n− log log log n, we have

1

|Hn|
|{D ∈ Hn : L(1, χD) > eγτ}| = Φ(τ)

(
1 +O

(
eτ (log n)2 log log n

n

))
,

and

Φ(τ) = exp

(
−C1(q, τ)

qτ−C0(q,τ)

τ

(
1 +O

(
log τ

τ

)))
. (2)

The functions C0(q, τ) and C1(q, τ) are bounded between two values depending on q. Analogous results
hold when considering 1

|Hn| |{D ∈ Hn : L(1, χD) < ζA(2) 1
eγτ
}|. Using these results we can describe

extreme values of hD by specializing n = 2g + 1 and applying the analogue of Dirichlet’s class number
formula. The main idea in this paper is to compare the complex moments of L(1, χD) to a random model
built on the irreducible elements of A.

To put this in context, in the classical case, when studying the Dirichlet L-function L(1, χd), Granville
and Soundararajan [4] (case d < 0) and separately Lamzouri and Dahl [2] (d > 0, a special shape) find
that the expression for their respective Φ(τ) has the same general structure as (2) except in both of those
papers the values C0 and C1 are constants where as in our expression they vary depending on τ .



2. CLASSICAL PROBLEMS OVER FUNCTION FIELDS:
DISTRIBUTION OF VALUES OF L(σ, χD) FOR 1

2
< σ < 1

I recently proved a result which extends the work above to the case L(σ, χD) for 1
2
< σ < 1. A key

point for obtaining the distribution results above was being able to provide a formula for the complex
moments of L(1, χD) for a large range of complex values z. As above, the main idea is to compare the
complex moments of L(σ, χD) to a random model L(σ,X). In this work, I prove the following formula.
Let n be large, 1/2 < σ < 1 be fixed and z ∈ C such that |z| � ng(σ). Then for some B ≥ 2 we have

1

|Hn|
∑

D∈H̃n,g

L(σ, χD)z = E(L(σ,X))z
(

1 +O

(
1

nB−(g(σ)+1)

))
, (3)

where 2σ − 1 ≤ g(σ) ≤ σ and we have for some constants C,C ′ > 0 that

|Hn \ H̃n,g| � |Hn| exp

(
C

n

log n

(
2(g(σ)− σ) lnn− C ′

))
.

In the above, H̃n,g ⊆ Hn which puts a restriction on the size of L(σ, χD) in terms of g(σ). The lower
bound g(σ) = 2σ − 1 coincides with the bound obtained using GRH, which makes H̃n,g = Hn.

Suppose g(σ) = σ in (3). Then, for 3 ≤ τ � n1−σ(log n)−1/σ, we obtain

1

|Hn|
|{D ∈ Hn : logL(σ, χD) > τ}| = Φσ(τ)

(
1 +O

(
(τ log τ)

σ
1−σ log n

nσ

))
,

uniformly where

Φσ(τ) = exp

(
−C2(q, σ, τ)τ

1
1−σ (log τ)

σ
1−σ

(
1 +O

(
log log τ

(log τ)2−
1
σ

)))
.

We recall that q, σ are both fixed so that C2(q, σ, τ) only varies with τ and is bounded between two values
depending on q and σ. As before, these results are nearly a direct analogy to the classical case, except of
course the C2 above depends only on σ and is thus a constant with respect to τ , see work of Lamzouri,
Lester and Radziwiłł [9].

For my future work in this part of my research program, I am interested in obtaining a version of
Selberg’s central limit theorem for L(1

2
, χD) with D ∈ Hn. A key tool in previous work, Hough [6], for

obtaining the lower bound is a hypothesis which forces the zeros of the L-functions to not be too close
to the real axis. As was recently discovered by Li [10], such an assumption is invalid over function fields
as L(1

2
, χD) can take the value 0 infinitely often as g → ∞, which hints at new complexity involved in

studying this problem. However, recent works of Soundararajan and Radziwiłł have found proofs in the
classical case which do not rely on too much information about the zeros of L-functions and these ideas
could be useful here.

3. EXPLICIT CLASSICAL PROBLEMS

The Prime Number Theorem, independently proven by Hadamard and de la Vallée Poussin in 1896,
tells us that the weighted prime counting function ψ(x) ∼ x as x → ∞, where ψ(x) =

∑
n≤x Λ(n) and

Λ(n) = log p if n = pk is a prime power and 0 otherwise. The basic idea is to make use of the fact that
for x 6∈ Z we have

ψ(x) = x−
∑
ρ

xρ

ρ
− log(2π)− 1

2
log(1− x−2), (4)



where ρ runs over the zeros of ζ(s) such that 0 < <(ρ) < 1. The proof is thus achieved by showing the
sum over the zeros has a smaller order of magnitude than the desired main term x. A classical problem
in explicit number theory is to obtain a sharp bound for the error term E(x) := |ψ(x) − x|. Results of
this form are often useful in surprising places. The work of Faber and Kadiri discussed below was cited
in a paper by Hough [5] in providing a solution to the minimum modulus problem for covering systems.

There are many ingredients which go into explicit results for E(x). The first ingredient revolves
around the fact that the sum over the zeros in (4) is not absolutely convergent so we cannot use this
formula directly to evaluate an explicit expression for the error term E(x). In 1941 Rosser [14] initiated
a program for determining explicit bounds for E(x) and later teamed up with Schoenfeld [15] to improve
on these ideas. Recently, Faber and Kadiri [3] modified Rosser and Schoenfeld’s smoothing argument
which created flexibility in how to evaluate the sum over the zeros.

The remaining tools used in these problems involve quantities associated to the zeros of ζ(s). The
classic tools used in these estimates are as follows: A partial verification of the Riemann Hypothesis, that
is for some fixed H , if ζ(ρ) = 0 and |=(ρ)| ≤ H , then <(ρ) = 1/2; an explicit region inside the critical
strip where we know there are no zeros, colloquially called the zero-free region; finally an explicit bound
for the zero counting function

N(T ) = #{ρ|ζ(ρ) = 0, 0 < <(ρ) < 1 and |=(ρ)| ≤ T} ∼ T

2π
log T.

It was shown by Faber and Kadiri that having more detailed information about the density of zeros in
the critical strip can further reduce the error term. For this purpose one needs an explicit estimate for
N(σ, T ), commonly referred to as a zero density estimate where

N(σ, T ) = #{ρ|ζ(ρ) = 0, σ ≤ <(ρ) < 1 and 0 ≤ =(ρ) ≤ T}.

Under RH, N(σ, T ) = 0 for any σ > 1/2. Unconditionally, we can say something weaker but still
yielding

lim
T→∞

N(σ, T )

N(T )
= 0.

The first explicit result of this type is due to Kadiri and states that N(σ, T ) ≤ c1T + c2(log T )2− c3, with
the ci positive constants. Kadiri, Ng and I [7] recently published an explicit result for N(σ, T ) which
significantly improved on previous estimates. A simplified version of our theorem states

N(σ, T ) ≤ c1T
α(σ), where 0 < α(σ) < 1 and c1 > 0 a constant.

This work combines ideas due to Ingham, Montgomery, Ramaré, Vaughan and Gallagher. We are cur-
rently incorporating this new result into the formula for calculating explicit bounds for E(x) and other
related problems. One such related problem is trying to improve on Bertrand’s postulate that there is
always a prime between n and 2n. Using the Kadiri zero density result, Kadiri and I [8] published
some work which finds constants ∆ such that for x large enough there is always a prime in the interval
(x(1−∆−1), x), where in this case ∆ is explicitly given and is large.

Similar work has been done when considering primes in arithmetic progressions. Let a, q be co-prime
integers. Then we know there are infinitely many primes p = nq+a and thanks to de la Vallée Poussin we
know that the weighted prime counting function for primes in arithmetic progressions ψ(x; q, a) ∼ x

ϕ(q)
.

As in the case of ψ(x) there is an explicit formula connected to the zeros of Dirichlet L-functions, L(s, χ)
where χ is a character associated to (Z/qZ)×. For my Master’s thesis I worked with Kadiri to develop
explicit estimates for E(x; q, a) := |ψ(x; q, a) − x

ϕ(q)
|. These estimates follow the same general pattern

of E(x) starting from McCurley [13].



At the moment, making use of an explicit zero density estimate for the Dirichlet L-functions has not
been incorporated into calculations of E(x; q, a) because the current explicit estimates for the associated
zero density function are difficult to manipulate. I am interested in adapting the arguments from my work
with Kadiri and Ng to develop a sharp explicit estimate for the zero density function related to L(s, χ)
and then incorporate this idea into the calculation of E(x; q, a).
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